Abstract-The error due to discretization in a method-ofmoments analysis of a parallel plate or metal-insulator-metal (MIM) capacitor is discussed. A technique related to Richardson extrapolation is used to develop a model for the error due to subsectional discretization. The results are for Galerkin's method using rooftop basis functions; however, the technique can be applied to any variational moment-method calculation. An expression is presented for the error in capacitance calculations, which is shown to hold for changes in geometry and dielectric constant. In addition, the expression for error is shown to be accurate for a wide range of meshing geometries. Surprisingly, the error model is not an upper bound, but rather is met nearly in equality for all geometries considered. Thus, the error may be simply subtracted from the calculated value for a more accurate result.
I. INTRODUCTION
G ALERKIN method-of-moments analyses exhibit a variational property, i.e., as the number of basis functions used approaches infinity, the numerical solution converges to the exact solution [1] to the extent allowed by the numerical precision used. This principle has been applied to the error analysis of a stripline transmission line used as a benchmark since its exact solution is known [2] . For the electromagnetic analysis of parallel plate or MIM (metal-insulator-metal) capacitors, a similar analysis is performed here by isolating the discretization error in each direction and observing the convergence behavior.
The key to the proposed method is to consider the final answer (the capacitance) of the calculation to be a function of the discretization level or number of cells in a given direction , and then to calculate the capacitance for several values of . A function can be fitted to the results of these calculations which is in turn evaluated at the desired (very time consuming) discretization to extrapolate capacitance values with higher accuracy. This technique is generally used in Romberg integration, and is known as Richardson extrapolation [8] , [9] .
For example, a square capacitor in the -plane can be first discretized with a very small (high resolution) cell size in the -direction while the number of cells in the -direction is varied. This is then repeated in the -direction with a Manuscript received April 14, 1997; revised November 21, 1997. The authors are with Sonnet Software, Inc., Liverpool, NY 13088 USA (e-mail: rautio@sonnetusa.com; erik@sonnetusa.com).
Publisher Item Identifier S 0018-9480(98)01592-0. fixed fine meshing in the -direction. Using a spreadsheet, the convergence trend of the individual error sources ( , discretization) can be observed and an error model fitted to the data. This model is then evaluated for a cell size of zero.
II. DISCUSSION
As a practical example of the procedure, a MIM capacitor (shown in Figs. 1 and 2 ) 0.5-mm square with dielectric constant 10.0 and dielectric thickness 100 nM is modeled on a 10-mm-thick substrate 1-mm square using Sonnet . 1 A full description of this software is given in [3] .
's Spice option [4] determines series capacitance and port discontinuity capacitance separately, so de-embedding of the port discontinuity is not needed.
The capacitor was discretized with 256 cells across its length ( -direction) and the discretization in the width ( -direction) is varied from 2 to 256 cells. This is then repeated holding the -directed discretization at 256 and varying the -direction cell count. A summary of the results is shown in Table I .
The analyses were performed at 1.0 MHz to make sure parasitic inductances and capacitances were not confused with the desired capacitance error. Although not the subject of this paper, error models for the parasitics can also be determined. At higher frequencies, effects due to the planar structure and the ground plane also become significant. For example, an equivalent circuit representation [5] for a MIM series capacitor is shown in Fig. 3 .
At low frequencies, dominates and is what is considered in this paper.
is the sum of the parallel-plate 00.033 00.015%
capacitance and the very small, but potentially important, fringing capacitance around the edge of the capacitor plates. This technique can also be applied to compute the bottom plate to ground capacitance if desired. For planar shunt capacitors, the same results apply and can be used to model in Fig. 4 from [6] . Note in Table I that the change is reduced by half when doubling the number of cells in either the -or -direction. The small differences between the and cases are due to the feedline positions, since in the first case the feedline has a different discretization than the second case . Looking at the convergence data in each case, we can conclude that the total remaining error at a given discretization level is very nearly equal to the change from one level to the next. If this pattern continues for , we can assume the total error left in the 256 256 cell result is pF pF. If true, then the converged result is pF pF pF pF with a subjectively estimated error of 0.01 pF, or 0.0045%. Note that at the other extreme, i.e., without using convergence analysis and using a coarse mesh in both dimensions (say, 4 4 cells), the total error can exceed 4%, an unacceptable situation for a number of applications, especially in filter design. The parallel plate capacitance for this case is 221.136 pF. This means approximately 0.356 pF 0.01 pF is due to fringing capacitance and numerical error other than error due to cell width or cell length. Although our expectation is that most of this is fringing capacitance, which is discussed later; convergence analysis with respect to other error sources (e.g., numerical precision, fast Fourier transform (FFT) truncation, etc.) could be performed if desired.
The analyses were repeated for capacitors varying in plate separation (from 100 to 300 nM), change in dielectric constant (up to ), and aspect ratio (from square to 2:1) with essentially the same results. Several cases are summarized in Tables II and III . Discrepancies for the low error region of Table III may be related to numerical precision (cell size is about 2 M on a side). Fig. 5 is a plot of the results from the % Change (error) column in Table I versus  or showing the relationship between error in a given direction and the number of cells in that direction. As was stated earlier, the basis of Richardson extrapolation is to consider the result as a function of the discretization. Here, we modify this procedure slightly by considering the error to be a function of the discretization and model its behavior. Combining the and sources of error, a rational function of the form (1) was fit to the data for both dimensions giving (2) where are the number of cells in the -, -direction, respectively. After repeating this for the other tables (the ones shown here and several other cases) the coefficients , in (1) were averaged resulting in the subsectioning error model
In [2] , it was found that error due to cell width can cancel error due to cell length in a transmission line. However, in this investigation, for capacitor subsectioning it was found that the errors always add. Thus, the error provided by the above model (3) may be simply subtracted from the calculated value, thus (4) providing a more accurate result without the effort involved in a detailed convergence analysis (as in Tables I-III) . For the case of the series MIM capacitor, this results in a model which is compensated for errors due to discretization, as shown in Fig. 6 . Alternatively, the size of the capacitor (either as analyzed or as fabricated) can be modified to compensate for analysis error. Of course, if extremely accurate results are needed, a convergence analysis should be used.
For the purposes of this paper, simple rectangular geometries have been studied, but there is no indication that this is a limitation of this type of analysis. For arbitrary shapes of capacitors, convergence of the error can still be tracked and extrapolated as was done for the rectangular capacitors.
III. COMPARISON WITH ANALYTICAL TECHNIQUES
The capacitance of a parallel-plate capacitor including the fringing capacitance can be calculated by modifying the method used in [6] and [7] where the parallel-plate capacitance is augmented by the capacitances due to the edges. This is done by considering the capacitor to be a degenerate transmission line and calculating the characteristic impedance and effective dielectric constant for the two types of lines formed by the edges of a MIM capacitor (using or by some other means). The total capacitance for each transmission line can then be calculated. For this case, the two different types of transmission lines formed by the edges of the MIM capacitor (in Fig. 1 ) are parallel-plate for the -dimension and microstrip for the -dimension, yielding
for the -and -dimension total capacitances, respectively, where is the phase velocity of light in vacuum, are the characteristic impedance and the effective dielectric constant for the microstrip-like edges, and are those for the parallel-plate edges of the capacitor.
The fringing capacitance per edge is then given by (6) for the microstrip and parallel-plate transmission-line parts of the capacitor where (7) is the parallel-plate capacitance. Then the total capacitance (neglecting corner capacitance) is (8) which, when applied to the air dielectric case, gives a value of 22.191 pF and is in close agreement with the calculated value including the error correction, which is 22.240 pF, leaving approximately 0.049 pF ( 0.22%) due to corner capacitance and error other than discretization error.
IV. SUMMARY
As stated in [6] , it is important to consider the cell size used in an electromagnetic simulator since computer time increases rapidly with the number of cells. Without quantitative knowledge of the error versus cell-size tradeoff, the designer does not know if a given cell size yields sufficient accuracy or if it is "overkill" resulting in a long simulation time. The authors believe there may be many more applications of Richardson extrapolation in the analysis of error in computational electromagnetics, as was also pointed out in [10] .
The error model described in this paper can be used: 1) to select a discretization for a desired accuracy level and 2) to reduce the error for a given discretization by subtracting the error capacitance from the calculated value. The technique described allows a designer to achieve the desired level of simulation error while also realizing the minimum possible simulation time.
